INTRODUCTION
Hundreds of references can be found which relate directly to the turbine engine blade vibration problem (cf. , [1] [2] [3] ). However, the vast majority treat the blades as beams; that is, the problem is characterized as a one-dimensional one, with a single coordinate measured along the beam axis. Such a representation is highly inaccurate if (a ) the blade has a small aspect ratio, (b) the blade is thin, or (c ) more than the first two or three frequencies and mode shapes are needed. A few works have al so attempted to model a blade as a rotating plate, but the important stiffening effect of chordwi se camber cannot be represented by this model.
A number of references are available which anal yze blades, treating them as shells having camber and/or twist, as summarized in a current survey article [4] . The vast majority of these studies utilize various forms of finite el ements (e.g., triangular or quadrilateral, plate or shell, conforming or nonconforming). Very few of them consider centrifugal force effects. Figure 1 depicts a considerably simplified, first model of a turbine engine blade. The blade is represented as a thin, shallow, cylindrical shell having one edge (x=0) rigidly clamped and the other three completely free. The planform is rectangular, having l ength "a" and width "b" and the shell thickness is denoted by "h." Displacements of the shell are completely characterized by its two-dimensional middle surface which, in turn, can be related to the ;CI reference plane. The three orthogonal components of displacement are t.t. (parallel to the X) -plane) and if , tangent to the shell midsurface, and vr , normal to it. Simplified model of a rotating blade.
As depicted the blade rotates with angular velocity ft about an axis located at some distance r. from the blade root. The figure is drawn for zero angle of attack; that is, the XII plane is perpendicular to the rotation axis. In general, the attack angle can vary between (at least) zero and ninety degrees. In general , of course, the geometry of the midsurface of a blade is considerably more complicated than that depicted in Figure 1 . Rather than having curvature in only one direction, measured by the radius R y shown, it has two components of curvature and one of twist, requiring three coefficients R x A5. and RT to define. While curvature in the x-direction is typiCopyright © 1981 by ASME cally small, the twist is usually considerable.
Furthermore, R x , Ay and key are not constants, but vary along the blade.
Rotation of the blade causes centrifugal body forces within the shell. At a typical point, the body force has three components, one normal and two tangent to the shell surface, which can be either stabilizing (frequency increasing) or destabilizing (frequency decreasing).
The present analysis is based upon the Ritz method and determines free vibration frequencies and mode shapes of rotating blades accurately. Low aspect ratio, thin blades and large angular velocities are adequately accounted for. Variable blade thickness can be straightforwardly accommodated.
FREE VIBRATION ANALYSIS. RITZ METHOD.
For a shallow shell having radii of curvature and twist, , Ay and AV the maximum strain energy (which occurs at maximum displacement) is given by (cf., [5] [6] [7] 
The membrane strains are related to the displacements by
:x7 (6) where V represents the membrane effects due to stretching of the middle surface of the shell, E is Young's modulus, A is the shell thickness and/1 is Poisson's ratio. The maximum kinetic energy (which occurs at zero displacement, and maximum velocity) is V -25aA-y=) ( For a non-trivial solution, the determinant of the co efficient matrix is set equal to zero. The zeros of the determinant are the eigenvalues (nondimensional frequency parameters). Substituting each eigenvalue back into the original set of equations, yields the corresponding eigenvector (amplitude ratio) in the usual manner.
For shell vibration problems the tangential inertia is often neglected, thereby eliminating the higher frequency modes which are principally associated with tangential displacements, and often allowing considerable simplification in the problem [8, 9] , and even closed form formulas for the frequencies, in some cases. Tangential inertia can be neglected in the present problem by dropping (/ l and efrom Eq. (7). By a proper matrix elimination procedure, one can then reduce the size of the eigenvalue determinant considerably, to the order (14 -$) CM.
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EXAMPLE: NONROTATING CAMBERED BLADES
The method of analysis described in the preceding section will first be demonstrated on a cambered blade for which considerable numerical results are already available in the literature.
In an excellent, relatively early paper dealing with the application of finite element methods to shell problems, Olson . These dimensions yield a shell which is relatively shallow, thin and small aspect ratio. A nonconforming, cylindrical shell element of rectangular planform was used, having 28 degrees of freedom. Numerical results for frequencies and corresponding mode shapes were derived for mathematical models composed of 1, 4, 9 and 16 finite elements, and were compared with results obtained from an experimental model made from sheet steel. Experimental frequencies, as well as the analytical results for the three most accurate finite element models, are reproduced in Table 1 for the first eight modes. In the calculations tangential inertia was neglected in order to reduce the size of the resulting eigenvalue problems. A subsequent paper by the same authors [111 utilized a conforming, doubly-curved shallow shell element of triangular shape to analyze the same problem. Each element had 38 degrees of freedom. The rectangular grids used in [101 were further divided by diagonals to yield right triangular elements, and finite element models resulted having considerably more degrees of freedom than those used in the earlier analysis [10] . Tangential inertia was once more eliminated in the analytical solutions. Experimental results were obtained again for the same shell. Relevant data from this reference are included in Table 1 .
The problem was also among several examples used by Walker [12] to demonstrate a finite element approach using doubly curved, right helicoidal shell elements, each having 40 degrees of freedom. Again, frequencies and nodal patterns were obtained using the same finite element grids of [10, 11] , and comparison for the first eight modes can be seen in Table 1 . Tangential inertia was included in the calculations.
The three types of finite element approaches thus provide an excellent set of results against which the present method can be compared. Let displacement functions be taken in Eqs. (8) using 4, 5 and 6 terms in both I and / directions for each of the displacement components. This yields 48, 75 and 108 degrees of freedom, respectively, for the blade, and frequency determinants of corresponding size. Resulting vibration frequencies from the various solutions are listed in Table 1 . Additional solutions using eight terms in the x-direction and five in the y-direction (8x5), and conversely, were also obtained to demonstrate the relative importance of the directions in choosing displacement polynomials.
Before comparing the results in Table 1 among the various methods of solution, it is important to discuss first their convergence characteristics. It is well known that the Ritz method yields upper bounds on the vibration frequencies. Furthermore, if a complete set of displacement functions is used as a basis for the sequence of approximating functions, the sequence will converge, in the limit, to the exact solution of the problem (cf. [13] [14] [15] ). The algebraic polynomials used in Eqs. (8) do form complete sets when the upper limits on the summations become infinite. Thus by the present method, as additional terms are taken, the frequencies converge monotonically towards the exact values.
The finite elements utilized in [11,121 are conforming, and therefore will exhibit the same type of monotonic convergence. The results of [10] , however, are based upon nonconforming elements, and therefore oscillating convergence could result, even though the convergence exhibited by this method in Table 1 does appear to be monotonic.
The number of degrees of freedom ascribed to each solution in Table 1 is based on the assumptions that:
1. tangential inertia is not neglected. 2. no advantage of symmetry is taken. Tangential inertia can be eliminated in all of the methods used in Table 1 . The effect is to reduce the number of degrees of freedom considerably at the cost of:
1, slight inaccuracies in the frequencies of the low frequency flexural modes 2. complete loss of the "in-plane" modes; that is, the modes involving significant Z and/or 4r displacements.
Both effects are insignificant for practical purposes if the shell is sufficiently shallow. Careful consideration of the symmetry in the present problem permits uncoupling of the symmetric vibration modes from the antisymmetric ones, and reduction of an eigenvalue determinant to two of smaller order. This procedure can be followed in all the ana- [12] l ytical solutions.
Comparing the values in Table 1 , it would seem that the results of the present method using 108 degrees of freedom are generally better than those of [10] using 140 d.o.f., and at least as good as those of [11] and [12] , using 250 and 205 degrees of freedom, respectively. Further improvement in the frequencies is seen to occur in Table 1 , if more terms are taken in the y-direction (viz, 5x8 solution). The 6x6 solution is seen to yield more accurate results than the best solutions of [10] [11] [12] , except for two of the eight modes, while the 5x8 solution is more accurate for all the modes. A glance at the mode shapes, given in [10] [11] [12] shows that only the first two modes (torsion and bending) are predictable by one-dimensional beam-rod theory.
The turbofan blade in the preceding example can be characterized as a thin, shallow shell.
In [12] Numerical results from [12] , as well as 6x6 (108 d.o.f.) and 5x8 (120 d.o.f.) solutions by the present method, are displayed in Table 2 . On the whole the best solutions obtained by both methods agree quite closely. Significant differences do occur between three of the seven frequencies obtained by the finite element method and the present method in the case of the deep, thin model, indicating slow convergence of the former approach when the membrane effects are dominant. Figure 2 shows a blade represented by the middle surface of a shallow shell. In general, the equation of the middle surface is given by Fig. 2 Rotating shallow shell.
BODY FORCES AND INITIAL STRESSES DUE TO ROTATION

= 0X:11 J
Choosing the coordinates so that the Vi-plane is tangent to the shell surface at the clamped edge, as depicted in Fig. 2, then y0,0) = 2 4 (0,0)= (0, 0) = ( 12)
whence, the rigid body orientation constants d m , 01t/0 and ael are zero. The theory of shallow shells is based on the assumption that the squares and products of WiliandaMolare small in comparison to unity [6, 7] . That is Assuming ji is constant, and neglecting Coriolis effects, the acceleration of A is given by:
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where 46 is the centripetal acceleration of the origin, in terms of unit vectors tangent and normal to the middle surface. Displacements are assumed to be sufficiently small, that the directions of latter three unit vectors are not significantly changed by the displacements themselves.
Finally,
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Considering the shallow shell assumptions (13), -_ , 1 r and ; can be expressed in terms of i. , j and
TiJ
For the case of constant curvature and twist, substituting Eq. (15) into (20) 
The initial stress resultants /14°, Aly and A4; can be determined by the Ritz method, utilizing algebraic polynomials of the same form given previously in Eqs. (8) , and minimizing the 'total potential of the rotating (but non-vibrating blade). In this static analysis the body forces in Eqs. (23) which are proportional to a, Vand Ware treated as if they arise from springs, the spring constants being either positive or negative, corresponding to the signs of the gy. The negative sign indicates that A r embodies a destabilizing (i.e., frequency reducing) component of body force. For a shell of sufficient shallowness, the body force effects can be reasonably well accounted for by using Eqs. (24)-(26).
EXAMPLE: A ROTATING CAMBERED BLADE
To demonstrate rotational effects upon the vibration frequencies of cambered turbomachine blades, the same blade is taken which was used to obtain the nonrotating results of Table 1 . Numerical results for frequencies of the first four modes of each symmetry class are given in Table 3 for the case when the axis or rotation is the clamped edge of the blade (i.e., 4/4. = 0 ), and when the ratio of the rotational 6 frequency to the fundamental (i.e., lowest) natural frequency (We) is one. It is seen that the effect of rotation is to increase all of the frequencies, primarily because of the body force component FoLand, to a lesser extent, F ir. The effect of changing the angle of attack ( 0 ) is also demonstrated by Table  3 . For a fixed rotational speed, increasing 9 yields decreasing values of all of the frequencies, mainly due to negatively increasing /i d . One also observes that greater change in the frequencies occurs as 9 increases from zero to 45°, than in increasing from 45° to 90°. To show the separate effects of the body force components fi, F t, and Fur upon the frequencies, Table 4 is included, which presents frequencies for the case when g/a = 0 , .41164= and A = 45°. The first set of results corresponds to Table 3 , with all body force components included. The second set gives the frequencies which would result if only the largest body force component 1.11.were considered. The third set demonstrates the additional stiffening effect obtained by adding FIrto AIL. The effect would be less significant for a larger aspect ratio blade. The fourth set shows the destabilizing effect of adding the f ie component to Fit; it is seen to be particularly important for the low frequency symmetric modes. Table 5 shows the effects of increasing 12/ we and/or Wel. . Frequencies are given for 9 = 45°. Angular velocity and disk radius are seen to have profound effects upon all the modes, especially the lower frequency ones.
All numerical results presented in Tables 3, 4  and 5 were obtained using displacement polynomials having six terms in each direction (i.e., 6x6), or 108 degrees of freedom. Table 5 The effects of rotational speed (12 ) and disk radius ( ) upon frequencies (same blade as for 
DISCUSSION AND CONCLUSIONS
In the foregoing work it is demonstrated how the classical Ritz method can be employed to determine the free vibration frequencies and mode shapes of simplified representations of turbomachinery blades. The method is capable of considerable generalizations beyond the description given above, as will be demon- damping treatments. The present method is not intended to take the place of the widely-used finite element method, but rather to complement it. The finite element method is very good for representing bodies of irregular shape, such as actual turbine blade designs. However, the present method is well suited for changes of parameters such as thickness ratio, shallowness ratio, and aspect ratio in simplified blade representations for purposes of preliminary design and for physical understanding of the rotating blade problem.
